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A new approach to a posteriori error cstimation i,, oiuttined which is applicabhl to gencral h-p finite
element approximations of general classes of hbundarv valuIc problemns. Thc approach makes ue ol
duality arguments and is based on the Clement residual method (IERN). Important aspects t1 the
method are that it provides a systematic approach toward deriving e!emcnt boundary conditions for the
ERM it leads to an upper hound tor the global error ;,, ;n appipri-:... cn:-i\ ni n. intd it is %,,liu "or
n "on unifOrnt and irreguiar h-p meshes. In the present exposition. a brice outline of the theoretical
tOUrndations of the method is givcn together with the resulis of its application to sxc,,rl rCprc,.ntative

problems. These results show that the approach is applicable to general tincarly elliptic systems.
including unsymmetrical operators, and that the method is valid fur broad classcs of linear and
non-lincar problems.

I. Introduction

In a recent paper [1]. we developed a .encral theory for a posteriori error estimation which
has the following attributes:
(I) it employs a special variant of the clement residual method 11-31:
(2) under mild assumptions, it produces estimates in convenient energy type norms which

may not be directly associated with the actual bilinear form of the problem under
consideration:

(3) it employs a local duality argument that leads to a guaranteed global upper bound to the
error and which generalizes the duality method of Kelly 141,

(4) it is valid for symmetric and unsymmetric operators,
(5) under additional assumptions. the approach can lead to asymtplotically exact error

estimators:
(6) it is well suited to irregular meshes with non-uniform h-p finite element approximations

and functions independently of the order p of the local element shape functions:
(7) it employs a systematic scheme for flux balancing on element boundaries that substantially

increases the quality of the local and global effectivity indices.

(orrespondence to: Mark Ainsworth, Texas Institute for (omputational Mechanics, WRW 3(15. The Universit%
tof Texas,. Austin. TX 78712, USA.

SOn leave from Mathematics Department. Leicester University. 1,eicester. UK.

WH145-7825/92/$05.00 ,©, 1992 Elsevier Science Publishers BV. All rights reserved
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Te theory greneraI lites pre \iotIs work oil the IR.II. II parlicular. foM the ,special cNaC of li neal
triangles (p I ). the con Ject Lire made b\ Bank aild WViser 121 is cIonirmed: Ihat a certain
"variant of thie [RN alw as provides an tipper bonnnd ifn the crr r.

Our p•urpo.,,e in the precnt paper is to bricfl\ outline the priiicipal Icat ues oI the thcork in
connection with a simple model elliptic boundar\ vvalue problem and to lIocus ni issueC of
Implementationl. The robustness and generality oft the met hod is demonstrated b\ Somie
applications including elliptic systemns and unsvmmietrical prohicnls. The applicabililt of the
method to arbitrary h-p meshes is a'so illustrated. In particular. it is delonstraiCd thait the
method yields \er\ good local estimates both for meshes ý ith odd and with even order shape:
Iunctions onl neighboring clements, in Contrast to other tcchniqtisC proposed in recent
literature.

2. Theoretical Ifbundations

2. 1. Model prohblm

For clarit\, we begin by considering a simple model elliptic boundary vailute problerm in tI,
dimensions: Find it u(x. v) such that

--V (a11a) + b -Vu+ (-it - in Q .
au (I)

a-- =g. ii,0! on I),

where f2 is a connected Lipschitzian domain in : with boTundar if2 I-ii,. In (I), the
coefficients a. b. c and data at ,• ire assumed to be such that t exists, is unitie is Cont.nltiOlUS
on the interior of f2 and depends conlintiouslv oi the data in appropriate norms. Thc weak
form of ( I ) is as follows: Find i E I such that

B(a. u) = L(u) Vu C
where

1 = u II'(.): yu =0 oil (3)

and B": I x I-- R1, L , R are the forms

B(u., u) f (aV Vv -+ b.- Vu + cue) dx (4)
and

L(u) f ,. dx +• , . (IN

2.2. Partitioning

We next introduce a partitioning .,P of f2 into N N(.P) subdomnains (finite elements) 9,1
where f2 U• Q. and construct on .-P a space I C I of piccewise polynomial functions. The
space I could include arbitrary h-p finite element approximations of the type discussed in 151.
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Following standard finite element procedures. we suppose that a function it C I is obtained
which represents, in some Sense. aln approximation of tc solutio i! o f ( I ). (O)ur goal i o usc
the available inlormation to calculate an estimate of the error

in an appropriate norm.
With regard to the partition .P. we introduce tile following notation: B& ,,l arc hocaliza-

tions of the forms in (4) and (5),

Bj,(u. v) = j (aVu "Vu + tb' Vi + cur) dx .(

B(1. v) B1, t,(a. V) (7)
' 1

Lv= fvdx-t + , d

A

for i. v 1. Further 1 . is a local subspace of 1. with

K!1

There now arises the issue of the norm in which we shall measure the error C. For this
purpose, we introduce a symmetric. positive definite bilincar form a : X ? -'I x .

a(u. u) = f (a-V -Vv + cay) dx I

where d and C are constants which are arbitrary except for the requfiremcnt that the original
bilinear form B('. - ) of (4) is coercive with respect to the norm induced by a(- ). That is.

IN•u, v)I [3H11 u Va E (12)sup lt ! (2
ll l ,

where f 30 is a constant. and

lvIl, VT (.v). (13)

In adwtr, write

a(it, 0) 0a.( A), (14)
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0 (a VV + C5) dx1

- = 'h(V, v) . (16)

vi1 - U flvl (17)
KI

We also introduce the averaged local flux

nK n- (11i)(s) = n1 -1 ,J(.))ailK + (A ,I(S)aV•lI (1,)

whero s is a point on the interelcmcnt boundary i' on , nl N;wi2, shared by neighboring
elements. nA is the unit vector ,xterior and normal to o' 12 ,, and kA, is a linear function

associated with edge I*,K.1

With this notation now established, we consider tht. following local probhlem: Find (b. E 'A

such that

(IbA, w) LK(w1") - BK.(ti w) + it, ýn aVti)(s) ds . wiE CI . (19)

Equation (19) characterizes the local problem providing the basis for the error residual
method corresponding to the norm jj I,. The significance of (19) is embodied in the
following theorem.

THEOREM 1. Let (b, be the solution of the local problem (19) correspjonding to the element
021%- Then the functions aot of (18) can be chosen so that

Il %

where f3 is the constant appearing in (12).

PROOF. See 11,61.

REMARK 1. In the case in which the bilinear from B(..) is symmetric and positive
definite, we can take a(. ) = B(. ). Then the constant t3 I and the norm ", reduces
to the standard energy norm.

REMARK 2. The introduction of the symmetric form a( • ) is equivalent to symmetrizing
the problem [71.

REMARK 3. The conditions on the approximate solution ti (that ii E I ) can be weakened
considerably. Let 4i be a standard degree I basis function (a pyramid function) associated with
a regular node in P. Then we need only require that f E ('E(n) n I/( P) n 1' and
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That is. ii need only satisfy an orthogonality condition with respect to the lhowst dc rce bawis
function.

REMARK 4. Lct h, = diam(f,) and suppose that

IB(u, v)l - M iull lvl , V ,,.j L' v . (22)

As an additional assumption, suppose that the following condition hold,,:

AaVf n aVu~ dx s plH e (23)
K I

where p = p(h, p) is a constant possibly depending on the mesh parameters h and p. Then it
can be shown [112] that

1. 1 M( 0(f) + Cpýj1ell (24)
A I

where h = max, h I. . Then we have

where Ml depends on M, tz and p. This result establishes the equivalence of the global a

posteriori error estimate to the true error. Moreover, if p - 0 as h --> 0 then we have l --* Af.
This shows that the constants appearing in (25) are asymptotically optimal. In the case of
B(., • ) symmetric and positive definite, we have asymptotic exactness of the error estimator.

3. Implementation

The actual computation of the error estimator may be thought of as consisting of two
distinct stages:
(a) the calculation of the linear splitting function a., used in (18) to obtain the -boundary

conditions for the local problem (19),
(b) the (approximation of) the solution of the local problem (19).
The fundamental criterion determining the choice of flux splittings used in the average (18), is
the following:

BK.(, l) LK(1) + f (n..,aV1t)(s)ds. (26)

A simple physical interpretation of (26) is seen in the special case a(x) 1, b(x) 0J and
c(x) = 0. For this situation (26) becomes

(0= fA f(x) dX + f g(s) ds + f (n. • aX-i)(s) ds. (27
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The co nditIoion (27) p roc I ll., th hat th da ( taý for die loI O pI I bc I, I) is I et: II nIF (I IIIh HrI U in. r- Il it at
thle fluxes have beenc~ equilibrated.

Kell\ 141 use~d t his samec eriterion to determline fl ux splirtin g's iIn heik case: of pieccv\INC
biline1ar finite cenleent atpprox i Ilatitonl of* Poisson's equnation in two dii ensilons. Ouir approach -

while related to Kell\ s. ditlers sik.nificanllv1 In Several ways. Uheli split tings usecd '1)(in m
altgorith ii are linear functions. ats opposecd to conlstants: ou~r spliIRIM ne~cani be obtai ned 1us11n2
01nlV 10C/ eOMPutaItion 15idt he I than appk I ng a1 globall oiptim izat ion proCed Lire;C Mnd. Uinder mi Id
aissumrptions, aChieVe thle equ~ilibraition exaIct V (SUbiect to rounding error) and are applicable
to i_,ene ral li near elliptic systems Of s~ceond order partial d iffe rent 1il CILeq nation In .IddiLII ion, or
approach applies to oeneral h-p) finite element approximatoions onl irrecula r mehs"it h
non-uniforml /I a1d is Valid for trZIiarUlar elements, quadrilateral elements or indeed comibinai-
tionsl, of' the two. Importantly, our approach applies equa~lly well to One. two0 or three
dimensions.

3.1.te fluxi spliliflig~ !dý'oritlimf

The complete details involved in deriving thle algorithmn to be presenlted can he found in
Here. we restrict ouirselves to the hare eýssentials necessary to implement thle algorithm.

A key role in the algorithm is played by the dciyree one balsis functions (that is. the pyramid
functions associated with the rcguLa~ir nodes in the partition). D~enote the regular nodes by

A.B. . . . and let di, denote the prmdfnto asoied with iiode A(saesott
V,= I at node A).
The. computations a1re localized using the p-atches of' elements over wvhichi the functions I]/

have non-zero values. For ease of notation. we suppose elenments f2,. f2 P..U. consmtitt
the patch S , of elemenits on which 0/i1 does not vatnish. Somec examples of' possible patches are
shown in Figs. 1-3.

Associated with each patch 8 , is at matrix T . 'ibc rniatrix depends only onl the !op~ology of'
the patch S I and not onl the geomectry. For this reason we refer to T., it the topology maltrix
for the patch. T1 is a square miatrix of size N x N. wh-re N is the number ot elements in the
patch. Therefore. T, are typically small matrices whose sizes do not increase as the Partition is

refined. The entries of' T are given I-I

(Fg 1) 02

Fi. (,))o, mlatrix for iiltcritnr flfldc (iI rcgular H .2. hTjopt)¶!.v mlatrix for hmmirdarXý 1odtc.

111c,41.
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Fig. 3. TIopolog) matrix for interior node on I-irreguhtr mensh.

2 [ 1 0 (i 0 1 )

- 3 -1 -1 (

T, -i -I -10 0 (Fig. 3), (30)
0 -1 -1 2 10 0 0 -1I 2 -1I

L-I 0 0 - 1 - 1 3 _
c,, if j = i,

(T.. = -- 1 if 0, and fl, are neighbours in the patch (31)

10, otherwise,

where C, is the number of elements in the patch which share an edge with element fl,. Some
examples of topology matrices for varicus types of patch in two dimensions are shown in Figs.
1-3.

The singular matrix T.1 is then modified by adding I to every entry. thereby giving a new
matrix T.A with entries

c+ I, if j=i,
(T){0 if Q, and f2, are neighbours in the patch (32)

1 , otherwise.

where C, is as before. It may be shown 18] that T,, is non-singular. In fact it is symmetric.
positive definite and ronsequently simple to invert numerically (using. for example, an LU
factorization).

Define the N-vector b, with entries

(b., )•K = L K,( r,) - 6 ( i, .,) + f. 4jr., .(s)( nK aVui) ds (33)
where

aVi '= aViK + aVI,Ii sE 1'.,. (34)

Furthermore. for every interelement edge 1', within the patch define

whee.•=-.f, ;,, (s)l n • aV6l d s . (35)
where

11n. availI = n,,. al,,.K + n,. aVuL,,s l. (36)
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-laving calculated these various quantities. i set of Icotnstatnts a Computed ti1 he
procedure outlined in Fig. 4. The case when pA, .. vanishsc, requires at little extra care, detailk
of which can be found in 181.

The procedure in Fig. 4 is applied to evcr\ regular node in the mesh. 'The actLul llux
splitting aM., used in (18) is then given by

,( ), sU,,(s) . & Is , . (37)

Most of the terms in this summation vanish due to ik having non-zero values on a small
number of edges. For example, in the case of regular meshes. only two terms in the
summation are non-zero, namely those corresponding to the two nodes forming the endpoints
of the edgC I'/, I i.e. Ia. is then the linear function which interpolates to aA,. and a,, , at the
endpoints of the edge. In the case of irregular meshes the situation is more complicated with
at most three non-zero terms appearing in the sum.

It can be shown [81 that. with this choice of splitting, the condition (26) is satisfied. The

process described may appear claborate. However. the computational work entailed is rather
small by comparison with the cost of performing other standard tasks in the finite clement
method. In 181, an operation count shows that the process is of optimal order, increasing only
linearly with the number of elements in the partition.

3.2. Approxination of local 1;roblehms

The approximation of the local problem (19) is performed by means of a Galcrkin method
using a particular set of trial functions. Here, wc shall describe the procedure wc use for
quadrilateral elements.

Let P,,(:)} denote the usual Legendre polynomials on 1-I, 11. It will be necessary to be
able to compute the values of the polynomials themselves and their derivatives efficiently.
Unfortunately, in many textbooks it is suggested that these quantities be calculated directly
from the expansion in terms of powers of x. This approach is not only unnecessarily expensive

for each regular node A do
begin

calculate TA;
calculate an LU factorization LAUA= Tl;
for every element K C SA do

begin
calculate bK,A;
calculate PK.,A

end;
solve LAUAA •A y,•;
for every interelement edge 1',, in the patch do

begin
O'KIA"• " + (AK,A-A-,,A ) / PKA

end
end;

Fig. 4. PscudO-c•dlc of flux spIitting Algoridlini,
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but leads to catastrophic build up of round-off crrors. hhcreforc, wu u,, the three term

recurrence rclattions. Thus , for str)i fixed value of A. %,C calculate ;I( )and t" I ak) tollh,,:

',,(x = . ,(k) . -.. . (-S )
2kvI k

and
tl'x( ) 0 ( I ';(x) 1 . (3sP

k k ! . ( x ) 
A ,- -1

To calculate the values of V., (.J) and P,',(A) in this way requircs onk order li operations.
Moreover. as a byproduct, one also obtains the values ot all the lowher order potyn miials and
their derivatives at no extra expense.

The valuCS of P,(x)..... I,, (.) and t-,(x)..... ) are then used to compute the
functions ,,(v) ..... ,(x) and ,'(.x)....,,() Iiven b\

xV,(x) = \ I ',(x), - ,(x) =\ • /P1(x) . t"'(-) = ii \ , V'(x).
2 3 2 (4()

1 2k -A
XA() k(k - I) \.- 2 .- 1)1I1 t(x) . A 3.

a 1 d -4 3
0 . "0(.) = \ P(x) ,kK(.V) \ ( x) .

2 _ _(41)

2k -. 1
('(= ,v 2 k I (x). Pk=3 ... .

t.et f I , - I It x - I. Ii denote the usual reference element. The trial functions will be
defined on fl. For simplicity, assume that the finite element approximation ai is a complete
polynomial of degree p on the element under consideration. Let q > () be an integer: then \wc
define the space V"''(•2) by

VP"(f)) ={X,(f.(r/)0) I< 'j.k • p + q and at least one of j, k >p}. (42)

It is seen that dim(V` ')=(p + q 4- 1)2 (p 4- I )-. The index q controls the number of
increments in the polynomial degree of the space and may he used to increase the dimension
of the space.

The local approximation space is then tAken to be x = fl V,'( -( ). The discretized
version of the local problem (19) is: Find c1,- E=- , such that

,w) = L,(tv) -- IBjjti. i) + w ( n• , aVl, )(s) dcs V' e1 (43)

Owing to the above assumptions and the construction of the local space, this problem always
has a u.niqeLC solution.
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4. Numerical vxamlljles

Ill this section we presenit three cxullpies 1ko illustr-a teilhe pCHfornmancc of thle ak1olithin
Ini order to comipa re thle estimated error with thle true error it is neccessa ry to accu ratel\

c~alculate thle trite error ')\'cr each element. Ini all our examples. tile trite error iý comiputed
uISih nll an alitorithtn M ilch approximates thle integrzl usinit lt frst a sitiole subdom ~aki and then

5LIlivdthle region of' i ntegration into t'1.1 )UrS1.bdt 10ninS 11nd appr11oxiFmateS thle iiitegira (Wer
the [our subrcgions. Two) estimates are thus obtained I'm thi,, trute va11lue of thle Integtral. It* the
differce-lc In thecse t~ko estimnates is less than I' ' rekoyive error. theni the approximiation Isl
accepted. ( t her-wise. the elemnitt is further Subhdividcd into I 6 regtions and so on unill

aire enhetweenl consecutiv-e approximlat ions' is ot ainled to less thlan It relative error.r

4.1 S cinetric t'o/)f peralor WnIt xSmooili volutioll

The problemi 'We consider IS: Find It such that

Mi- u0In U(44.)

"subjectI1 tol thcboundark, conditions

X~f . ) Ic I sinl TY- v .0 1 ~2.
(4i)

,dx. i () u~. 1/2)-l x1 <1/2.(1/ .> /

whre r.2 ~.The iteomet rv of thle do main f! and the boundary conditions applied aric shownl

Ihei tu tit-i ( ittonl Is -i\ivtn by

u( ~ ~ ~ ~ ~ _ x.v)(x~x-I) rr x(~V I ( a 1 sin (fv . (46)

In this ease. wec ha'~c

B(u. u~) (71 (V1, *V' ) dx (47)

and we ch o( se au(. u) I Bn. c ). TIheorem I predicts that We will obta in pua rant ecl uipper
boutnck on the trute error mecasured Inl the energy norn- deftined by Bi( .. provided that
eij nil ibrat ion oft the fluixes is achieved.

T[he pr blcin is solved Msing 1.140-1 uniformC mehe olquadrilateral ele ivents with uniform-11
po lynomialI degree T[he local problei us are ai proxinlIatd usi114 nitn inert menint q = 2 Iin thle local
space. "I[hat Is. a degree p) finiite element approximation is ana(lyZed Using theC space V" In
each ease,, the qui Ii brat it procedure is able: to reduce the lack of equilibhratilonl to the leveCl of
round ()If error onl vi rtual ly everv elenment in thle part it urn

'fable I corntains thle results, obtained f'or finite element approximations of' degree 1 -4 on
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S((e .') SaIhk I

(J ofle r (iiiblt ht llkar ccdiio l 101"11)oI . 0 ini c .•+ (•dc ir c -;f hlI14 1l IcO l 1c-1) 1cnt',

iI .tilt 2clt)h) I .i04',ad 1 8 i tih)efl

uffc.Oit In e li ,r II1ha7nx7Ti2re itin isb rn I-) te results "h Iri +0i

- I .()I)2 I . 21l1L) I iii

tig, . (,C'I)t)II\ jiltSj h'+dfl(Id;tr\ CofldltIOI1\ ,€1 I 1,nlh>.oIIIIGS(j h ~
4 I1.llIlI1237 1.1 mu 1l21) I ii j <i I

meshes containing~ 16. (•4 and 128 elements. The quantity show\n in thle table is the eWfeciiiy
iitd.\ (the ratio of the estimated error to the true error). Tlheorem• 1 predicts thiat the
effecthivity index hc gzreater than unit,.- This prediction is borne out b\y thee results shomsn in
"Table 1.

4.2. ( racked pauiw problem

Consider the problem: Find u such that

Aui -() In f2, (4')

subjcect to the boundary conditions

t( r,-,Tr)=0), O)< r< I it / ýn = 0, O < r <. 1. ý (49)

with u( r. 0) " r' cos H0 on the remaining portion of the boundary. The geometry of the

domain Q is shown in Fig. 6.
The true solution is given by

t(r. 0) = r cos . ()

Thec problem is the analogue of at cracked panel problem in linear clasticity. with a sinuhl;,rit\

21

S in gt u I a rIt y

hi,. 6. (i-,mtncirv anld boundarv conUlItm{i hor crc- Ii1. 7. ()1pititl o[ .Cljc l l'l I, ILcUn to ,,jngl Itj tt\ il

kcd pZnel prbhicI,. ciackcd pancl.



at [tic orawnl. III this Cast', we haý1%e

u. c ) jVu -vu dix(I

AIM ud c take a( u 1.) 1101 11 u ) Thcorcni I aga~inl predict' that %%c %%iiotain Iuppc-r bounds, mn
h1C true error., prsI0\ded t1 hat we equilibriate the tiuxesý,

IIin analv/Il n thlis p rlOhcI, in. 11 some C car must II tAINI en 11 wt hIhe (pr) mti 'iIit thek ca
problciiis. I hcorvali I asmltlvie011 that h locl probilems are sok ed eaictly . which Is ul it Ihe case,
In placticc. Ih1cle r lC, foc or t he piroscs, otlljurst rating~ the ahco~r\. a wc qucenct t0 appro-ti
imat los t o the true soluition (t the lo)cal problec I" is otained h\ incremenlting q. Thata is Ito .i\.
wke comIpute a1 seq ine nec t approXInIat 11iNs uIS~ing the spaces

uintil athe di fferenrce it) the norm of' the approxmmat ion is sufitieent l\ smuall
O ne oither teat u rc ofit' tis particular cxampic is the difficult III estimlati ng the error In

elecmenits ad jacelil to) the sinigular poitnt. O ur theory makes, nit promises colICerniing the
c fIeet \,t\ (4 th li st imirtor ina slingle element. fit owever. we presecnt resuiltssowN n the
est imiated and the true errInI the elements adjacent to the sing~ularity 12 and Il,~ (see [Ia.- g

Tables" 4 corit am resuilts of estirmatirng thle error inI the approximation o)btainled usline. a1
u nih -nm mesh1 oft 12 quadirialatral eleme ii ts withi uniform pol-nomiai dertree 1. Vive: Inrcreme nts
Iin tlie l)cail approxailat ion space arc needed beforc agree ment Is obtained. FI-o purposes ofj
com1parison. we also glve tile results obtailned Mihen no eq juilibraa ion or balancing of tIic, uIs i

pe rformed (intead, a sirmple averagi-ng is piLJ)
TIables 2, and I conltainl the erro estimates iii the eleenitts adjacenit to the singularity. 11, and

14 1 he tcest imate ()t the error obtained when equilibration of* fluxes, is performed Is superior to
hei estlimate obtained uising a simple averaging. T able 4 contains thle global est irnates of the

c rrm-a. It Is seen thfat it IS lneeessilar to apprmxin- te the local problems, accu ratelyvt mif onei to
o)bt ai i the upper bound proclatimed by T'heorerm 1.

11iclcuc it" 111,ITIL baan in 11,1tnt.n balancintg .3 ICII~a~

1xi:gc 0ia 1 24 ) ,Sol( I At.I o iect I1. Ina)xd0c0113

I ;I )- I 1 0f4 679 (3 11 I( I aI , 1037 M 49,S06 1

I ii I~S ) er62r 1 1. 127 149 0,5014132
I-ý1 (.bI, (,89 17(11 1 1, 134 W ~ 0t, ;0fA)1;



I1 Vt I ti ~, th J. .1 JI it ,bi I /A p kA t4F t/(P( it I /) U NI p t~h Uf / tAA ~' k h 'l1;

I tblc 3~

lIcct ,l ,t4 , iN ,,.: local pro,. cllm v, t mci .m I k. accurtCN ,'l th,. cstm ct,:., ot , 'd ,oar1ol In

elc.icit I'i, (or crmckIcd p.m cnI ( I . 32 clcnicnmm",

1-'Ninmalcd locail k.-oll I .cal k:1'CIt .I t I )(mmkm
N'utIlhC r - .. ---*. --- -- *--. -- -

O$ \mIth \\ithout \% Ioh \Wit howt
increment,, (ml,mmcraing l'.hm~mhlcm, hlxi mmcm' b~l~am.mh2

II.109140 (1. S4789•I Ii,' 251 I. 2

I), I IN )l411S I). I 9 ,1.-4-2,8 I .2
11 t.1 12saS 1). IS4u 15. 0 1 71 S 67 I. -, 7

4 1), I 31,S9 1). I S4062 0.7£7 15 I .2S92t
I I 1321 '1 i. 1840(62 1 N7s 924 I .2S,)2S0

Truc value I). 1251 I2 1. 128512 Is l(ISX I I 0I00m(HII

Iabic 4
F ffcct of so1x it) local pro bcI w:ith i cIreMCTmVsing C%: ;UC\ othe Ih. CN~ilml C' of ghl'1,; Crr)I It IT

cracked pancl (p -- I. 32 clcmlicnr1)

F".,hatcd global crror (tubhal cftcct mx lt, mdc,

' t Vih Vithout \\ ith 1'ithomt
h1crc n I CI bali.Ill'Cimi b;mlatlcimn. hal;11r.in I ., I 1111 11in1!

0 I. I S3726 11.206(899 I.12 I9 963 1.0 !3s,814
2 .183726 0.2099 )1"(1.2 3 1 .'3s248
-, $0. 199 I 98 01.2(088001 (t.'1(4 .I $477,'
4 0.211876 (0. 2090016) 1 .( 13(142 ,I 14 WA192
5 2)21002404 1.2IN 149 1 ••1•997 1 14(639

Truic \aluc 0. 199277 0-1992277 ].(IIXIHmI . (((HMIN)

-lahlc 5

itfcct of soklvmnig local problcm .. ith incremasing accuraci, oi thc c,\tinltCc tol l ocal crror in
clencnt fl, for crackcd panel ( p 1. 128 clcmcnls)

["tinmatcd local crror I ocal ctf.'ccti\it\ indcx

t Nit b Without With WiIIIho 11

increenicni Im,:',ancing balancing aIihmncingm balancit.g

I 10)927( 191 I } .443N47( I 0I $.4'1901\ 1)- .45 .9353
2 0.9271119$ I ) ((.443847$ 1 1 (195940415 (459I.353
3 (. 1015148((1) 0.47463N1 - I) I .(X7179 (0.4912118
4 0$. 1117279( 1i1 ().479842( ) I1.1 11126s .49.6.• (15

5 (1.117987(0)1 (0.4,8' 16t9( 1 I 117596 (0.498, 490
lruIc vmluc 0l.966244( 1- ) ((.966244( ) I .((lH(((O(l 1.KM(1OOl(

Tables 5-7 show the corresponding results obtained when the mesh is retined uniformly to
128 elements of degree one. The results obtained are similar to the case of 32 elements. .ables
8-10) contain the results obtained when the degree of the elements is increased uniformly to
degree 2 on 32 elements. Once again, the results show the superiority of the estimate obtained
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Ilable 6
Effcct of ,okliii local problem with inctcaxineg ae.ri.C, on lweIzm.ule, ol lotal error in
clement 11, lor cracked panel (p l I 12S elcemcnts)

[Vlimatcd local erlol local Cllccl\II, lixndcx
NUniber

of Wi1th Without Aith \k 1hour

increment, balancing balancing Ialhncing hala:,1inin

2 l(.762753( I) 0.1216522((1) 5579 1.441798

11. 7SSr6( I 1 2S. 1286371U1 l,.,x474) .4431SS
4 1. 79 1f)4() - 1 I. 12,8N41(101 11.,"87-422 1.443133

11.791 235( 1) 1. )28042(10) 1). NN 7131 1 4-43144
True value 1l.891411l( -I) 1L 91401(( 1) 1. (H1A11411 .K1H it11 m4111

Table 7
[-'cct of solking local problem \xith increaming accurac% on the c,, imatc,, ol glohal error lot
cracked panel (p- I 1 28 cicnii ts)

F.,timaecd global error (ilobal clfcctiivit ilndex
Number

of With Without W\ith W1i 1110 ~l t

increments bhalancing h balaneil llancimn balancimn

11 29397 (I. 145495 ( l. (1 S49-7 1.1132766
2 ). 1229397 01 145495 0I.918497 1.1132766
3 1). 1411126 W. 146813 01.994655 1.4112121
4 01. 141983 I. 14609-2 1.0(17,836 1.1043392

0(.142531 1.41471053 1.111720 1.0143825
True value 1). 1411879 0. 14(1879 I .11(111(1414 I .Of If 410) 1

Table 8
Effect of solving local problem with increasinc accuracy on the ctimatcs of local error in
element f2, for cracked panel ( = 2. 32 elements)

Estimated local error Local cffectihit\ index
Numher

of, With Without Wi ith Without
incrcmcn,, balancing balancing balancing balancing

1 0.7798871 -) -1.4051157( I ) 0,.9715S02 (44, 54516
2 i).j87721-;I - I) 0.44316(O I ; 0.012747 (1.551851
3 0l. 910439( -- ) 0.457423( .I) 1.1416N15 10, 565•,S 1
4 0.9245 15( - 1) ().461-,(1 I ) i. 15 65 11.5ND15810
5 ().932539( - 1 ) 0,463873( -I ) I. 1I010) (0.577845

"J ruc value 0.802764(- 1 ) 11.812764( I I. IOf(11tXMll1 t.19H14)114

using equilibrated fluxes. In each case, the result of Theorem I is verified, although it is
necessary to solve the local problems vcry accurately.

4.13. UnsYmmetric elifPlic system

As a final example, we consider the unsymmctric elliptic system with non-constant
convection given by: Find u., t., such that
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Table 1)

4Eftcot of ',o 'ing local problem "ith increasing Ztee'Urett. on the | ,i"rilatc tso local crtror In

element 2,, for cracked panel ( p .v 2 clc•.l'ncnt)

[qtimated local error Local CtleIi' It" lodc\
Number ------ *---*--- -

of Wiith WVithout With With iOt m
incremllnt[s halancimI halarincimg balancitng balamncIn

I f .532473( 3) l'.75535(I I ) { S.1•0l. t ( .8574 27
2 0).13689{ 109 ) 10.71 71)5{( I 0 ft 7906,3 1.,2-8(1!

3 0(1.28 189( - ) I .848991 If I t.809313 1 0.803777

4 (1.6440179( 1 0.87659 3( 1 L.82t785 1. 129339

01.648299({ ) -1.9121 30( 1 1.175122
True value 0t.7762001f( ) 10.77621H(I I } .00(101 1.1111(1(1041

Table 10
LFtcet of solving local problem with increasing accuracy on Ihe cstiniatc of glohal erro r for cracked pamel

p) - 2. 32 elements)

[Estimatcd global error G lobal cflcctivilt index
Numbcr

of With Without With WVItI h(Iut
increments halancingL balancing ha I-,Tane hakianctng

S0!.9480195( - I )1.79(N90( - 1 0.83I. 555 11. 0988 10ý l

2 0. 107495(0) ..-1147381 1 ) 0.950753 11.S11120}7

3 (). I i 1551R1}i ) 0,980423{ I-- 10,' 9 1 x1 s 11. 867 148

4 1I. 113117(0) 0. f11 0715({1} 1 1(1478 (I 1 1)17S7

0,1140117(10) 01. 1040175(0) I .00843S 1.)210505

True value 0.1130(63(0) (0. 113063(0{) I .()()()(lXl(t IH.|1,1H11

F Ali - +x - + xyvu I u- =1,
(52)

ý u , i~l '

-F Ali, + x -- = V - vu 1 + i, 0 in f,

where F I /100, subject to the boundary conditions

uI =exp{(x-y' -- I) IlF i, x.v expl(.rx - v -- l)l/e oil !," (53)
and

and Fn Vexpl(x2 -y -- 1)/Fl.
anl (54)

F F,---7 = -VvY cxp I-. -y- 0l) l oil

where 92, 1,, and F', are shown in Fig. 8.
The true solution to this problem is given by

i, =expl(x2 - vy-- WE)/ u,:= xy exp[(x 2 -- v- l)/t]. (55)
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The main feature of the solution is the presence of a strong boundairv laycr effect along the
right-hand wall of the domain caused by the non-constant conxcction domnniactd Hio" field
b =(x, -y).

In this case, the bilincar form B(. ) is unsvynmctric. We choose the bilinear form a( -

to be

i(u. v) j (ETuvi-VtI + t-Vu, V.v, + 1÷ u. ) dx. (07",

The theory presented in 161 shows that the error estimator bounds the true error measured in
the svmmetrized norm. For the purposes of illustration, in this example wc compute the true
error in the symmetrized norm explicitly. It is this quantity which is labelled as the true error
in Table 11.

The presence of the boundary laver indicates that an adaptive finite element analysis based
on relining the mesh and enriching the dcgrec of the approximation is suitable. The sequence
of meshes generated during the analysis is shown in Figs. 9. 12. 15. IS and 20. The meshes arc
not only irregular but contain elements of differing polynomial degree. T]'he final mesh
contains elements of degree six near the boundary layer. Nevertheless, the behaviour of the
error estimator remains highly satisfactory as shown bv the results in Table II.

One source of concern when estimating errors for this type of problem is that the
distribution of the estimated error will not agree with the distribution of thc true error okving,
to the convective effect. Therefore, in Figs. 9-23, we present plots showing the distribution of
the true and estimated errors. It is observed that the distribution of the estimated error closely
reflects the actual error distribution.

Table II
Behaxiour of error c,,fimators lor un,,nimetric elliptic s,,ttcrn

teiFrecs Tru t.stimated global error (;lobal CIcctivitx in'dex

Mesh of global With Without With WVit h1'ut
number freedom error balancing balancing balamcing bi nc

I 25 0.400(129(0) 0!.4201013(0I) 0l.4210218(0I) 1,049)91 9 .15Il2(l6
"2 51 0-145063(0) ().144794(01) 10. 147(063(01) (0.9•8146 1.(1137,N7
3 ill 0(.563992( 1) 0.5641122( I) 0.t564159( I) 101.0001153 1.110(0296
4 165 ().646845( -2) (0.647644( 2) 0l.6490144( --2) 1.1Kl 1235 I 1,(134010

5 3401 ).263345( 2) 0.272907( 2) ().274071( 2) 1.1(36310 1.041(1730
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MESHi I

1 2 3 4 5 6 7D.O.F= 25

Fig, 1) Adaptive anaINvis (if uiisN rnincric elliptic s~sle. .Mesh 1.

MESH I

MIN= 0.570E-03
MAX=0. 3003809
ER RO?=0.400 128':

0 0015 0 15 0.25 0,325 D.O.F= 25

F~ig). I It Adaiptie anlssof un'symmefiLtric elliptic ;ystenm. [Distribution of true error oni Mesh 1.
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___________MIN= 0.2'15E-03

MIAX -03tIM5585
ERROR=0.42010.3:

0.075 01I 0.25 0. 25 DOF2

F, IAdapJt ie analysis (it urisvnmm etric elliptic sx'stcm. li.,tribution olf c-,imatcd crror oil Me~h I.

MESH 2

2 3 4 5 6 7 8 DOF5

Fi1g. 12. Adaptive analysis, Of uinsymnicric ciliptic systcm. Mlesh 2.
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MESH Z,

MIN=~ 0.209E-03
MAX=0. 1125701

- -..... ERROR=O. 1450631

0 0.03 0.06 0.09 0.12 D.O-F= 51

Fig. 13. Adaptive (nlyisf unsynimetric elliptic system,. DistribUtiOnl of' true error on Mesh 2.,

MESH I.

LiMIN= O0108E-01
ERROR=O. 1447(

0 003 0.06 0.09 Q.12 D.O.F= 51

Fig. 14. Adaptive analysis of unsvmmetrie elliptic svystem. 1)istrillution of estimated error on MeshI 2.
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MESH 3

P=~D.O.F= I1 II
2 3 4 5 6 7 D

Fig. 15. Adaipiivc anar asis of uns ninmetric elliptic ,,xsstcn. ,h 3.

MESH 3

MEN= 0.203E-04
MAX=00.443252

" ... ERROR=0.056399

0 0.01125 0.,9225 0.03375 0.045 D.O.F= I I l

Fig. 16. Adaptive analysis of unsymmetric elliptic D\stc1. Ijistribution of true error on Mesh 3.
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MESH 3

MIN= 0.355E-0
MAX=O.0444163

- ERROR=0.056402.

0 0.01125 0.0225 0.03375 0.045 D.O.F= I 1 I

Fig. 17. Adaptive analysis of unvmnmctric elliptic s, stcn. Distribution ol estimated crror oil Mesh 3.

MESH +

1 2 3 4 5 6 7 8 D.O.F= 165

Fig. 18. Adaptive analysis of unsymmetric elliptic system. Mesh 4,
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MESH 4+

MIN= 0.647E-05

MAX=0.0042109
. .- - -.. . ERROR--O.064684

0 0.900E- 10.0021 0.0036 0.0045 D.,F= 165

Fig. 19. Adaptive analysis of unsymmetric elliptic syste.ni Distribution of true error on Mesh 4.

MESH 4

II

MIN= 0.532E-05
MAX=O.0042149

_ _ _ _ _ _ __ ERROR=0.0064764

0).9OOE- 01.0021 0.0036 ().X)O45 D.O.F= 165

Fig. 2(0, Adaptive analysis of unsymmetric elliptic system. [)istribution of estimated error on Mesh 4.
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MESH 5

2 3 4 5 6 7. 8 .. F4

Fig. 21. Adaptive analysis of unsym metric elliptic sy-stem. Mesh 5.

MESH S

- ---- --

4 MIN= 0.63 3E-0-5
MAX=O.001 8429

171- 7 ERROR--0002633
P 0 0.375E- 0.875E- 0.0X)15 0.001875 Dý.O.F= 340

Fig. 22. Adaptive analysis of wisvmmctric elliptic system. IDistnlbufion of true error on NMcIsli 5-
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